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Abstract

Park and Pham successfully proved the renowned Kahn-Kalai conjecture,
offering an elegant upper-bound solution for thresholds which is a core
problem in random discrete structures. In this survey focusing on the
Kahn-Kalai conjecture, we will offer many examples to make the conjec-
ture more motivated. Additionally, we will give various applications to

vividly illustrate the profound significance of this conjecture.
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Chapter 1

Introduction

The field of random graphs was initiated by Erdés and Rényi in their pioneering
paper [11] in 1960. In this seminal work, they introduced two models of random
graphs G = G(V, E) where V = [n] := {1, ...,n} and E a subset of ([;]).

1. In the G(n,p) model, each of the possible (3) edges in the random graph on n

vertices turns up with probability p independently;

2. In the G(n, m) model, the m edges in the random graph on n vertices are chosen

uniformly from (<[:2:>) .

We will refer to the first model the density model and the second model the size
model. For most natural questions, for example, the threshold phenomenon we will
talk about, these two models behave very similarly. We can correspondingly choose
the size parameters, i.e., we take m ~ p(;) and use concentration inequality to convert
from the density model to the size model.

Also in this significant paper [11], the central problem, what is the ‘typical’ struc-
ture in a given stage (i.e. p is equal to a given function p(n) of n) of a random graph,
was proposed by Erdos and Rényi. A ‘typical’ structure means that such a structure
turns up in the random graph G(n,p(n)) with probability tending to 1 as n tends to
oo. In other words, if F is the property containing a ‘typical” structure, ‘almost all’
G(n,p(n)) has this property. In their study, they found the ‘threshold phenomenon’
for lots of structural properties such as connectedness, containing a given subgraph
and so on. This phenomenon describes the sudden change of the appearance and
disappearance of certain properties.

Though threshold functions were given for many particular properties since 1960,
we didn’t know why a property should have a threshold function until Bollobds and

Thomason [6] showed that every non-trivial (monotone) increasing property has a



threshold in 1987. A trivial property is one that always holds or never holds. For
an increasing property, a graph has this property whenever one of its subgraphs has.
Many familiar graph properties are increasing properties, for example, a graph is
connected, a graph contains a triangle and so on. There is another interesting question
about the sharpness of the threshold. We refer interested readers to [15, 14, 13].

Calculating the threshold for a particular property can be very difficult such as
the threshold for perfect matchings in hypergraph (known as ‘Shamir’s problem’ and
proved by Johansson, Kahn, and Vu [17] in 2008) and bounded degree spanning tree
in random graphs (proved by Montgomery [22] in 2019). Both of these two proofs are
very difficult (actually, the paper for bounded-degree spanning trees is 71 pages long).
In 2007, Kahn and Kalai [19] proposed their conjecture saying that the threshold is
not far from its natural lower bound—expectation threshold which can imply these
difficult results above. The inspiration of the expectation threshold is from when the
number of copies of some subgraph is expected to be larger than zero. This conjecture
is so difficult and remarkable that Kahn and Kalai write in [19]

‘It would probably be more sensible to conjecture that it is not true.’

In 2010, Talagrand [29] proposed the fractional version of the Kahn-Kalai conjec-
ture which is weaker than the original Kahn-Kalai conjecture. In 2021, Frankston,
Kahn, Narayanan and Park [12] proved this weaker conjecture. Their proof is inspired
by the work on the sunflower conjecture due to Alweiss, Lovett, Wu and Zhang [1].
In 2022, this conjecture was proved by Park and Pham [24] elegantly within 7 pages
which is an excellent breakthrough in random graphs.

This survey effectively introduces the motivation behind the conjecture by pre-
senting various examples, rendering it more natural to understand. Furthermore, the
survey underscores the significance of the conjecture by showing a series of applica-

tions in historically difficult problems.

Overview In chapter 2, we will introduce the threshold phenomenon after some
basic results in Probability Theory and Erdés-Rényi model. In chapter 3, we will give
many inspiring examples preparing for the introduction of the Kahn-Kalai conjecture
in chapter 4. In chapter 4, we will introduce the Kahn-Kalai conjecture and the
weaker but useful result, the fractional Kahn-Kalai conjecture with many applications
to show how powerful these results are. After exhibiting the proof of the Kahn-Kalai
conjecture in chapter 5, we end this survey with some further work and two open

conjectures.



Chapter 2

Preliminaries

In this chapter, we will formally state notions mentioned in chapter 1 and introduce
some basic and useful techniques and results. First, we introduce results in Probability
Theory such as Markov’s inequality and Chebyshev’s inequality. Then we will show
the relationship between the two models. Finally, we use an example to introduce

the threshold phenomenon and show increasing properties always have a threshold.

2.1 Results in Probability Theory

The first important result is Markov’s inequality which gives an upper bound of the
probability of the event that a non-negative random variable is larger than or equal
to a positive constant. This inequality has many sources and is named after Andrey
Markov.

Theorem 2.1 (Markov’s inequality). Let X be a non-negative random variable and

a be a positive real. The probability

E[X]

P(X >a) <
(X2 a) <=

Proof. Let Ix>, be the indicator of the event that the random variable X is larger

than a, that is
7 _JOo it X <a
2T i X > a

Then we have X > alx>,. Take the expectations of the two sides and we have
E[X] > Elalx>,) = aP(X > a)

which implies the inequality we want. O



The second result can be implied from Markov’s inequality and it describes the
deviation around the mean of a random variable. It is named after Markov’s teacher,
Pafnuty Chebyshev.

Corollary 2.2 (Chebyshev’s inequality). Let X be a random variable and a be a
positive real. The probability
Var[X]

P(X —E[X)| 2 0) <

Proof. Let Y = (X — E[X])? and Y is a non-negative random variable. By Markov’s
inequality, the probability
E[Y]  Var[X]

a? a?

IN

P(|X —E[X]| > a) =P(Y > d?)
]

These two results seem very simple but show that the moments of a random
variable are closely related to its distribution. For some distributions such as Poisson
distribution and Normal distribution, the distribution is uniquely determined by its
finite-order moments. We introduce the following theorem without proof and refer

interested readers to section 30 in [3].

Theorem 2.3 (Method of Moments). Suppose that the distribution of X is deter-
mined by its moments. If there is a sequence of random variables {X,} such that

lim E[X7] = E[X"]

n—oo

for Nr € Z*, then X, converges in distribution to X.

Remark 2.4. Since finite-order moments can be written as linear combinations of
binomial moments, the theorem above also shows that the distribution is uniquely

determined by binomial moments.

In random graphs, one of the most important distributions is the binomial distri-
bution. The binomial distribution with parameters n and p, write B(n, p), describes
the number of successes in n independent experiments and the probability of success
for an individual experiment is p. An obvious observation is that the number of edges
in the random graph G(n, p) has a distribution B((}), p). By the linearity of expec-
tation, it is easy to get that the mean of B(n,p) is np but the median is not so easy.
Fortunately, it was proved by Kaas and Buhrman [18] that medians are very close to

the mean for binomial distributions.



Theorem 2.5. Let X be a random variable with distribution B(n,p). Let f1 be a

median of X which means

P(Xgu%)z and P(qu%)z

N | =
N | —

Then the mean pu and the median fi1 satisfy

L) < pr < [p].

NI

In particular, the median equals to the mean when np is an integer.

2.2 Models of random graphs

We mention two models of random graphs in the chapter 1 and we restate them

here. A random graph on n vertices (for the sake of convenience, let the vertices set

V = [n]) is a labelled graph.

e In the density model G(n, p), each of the possible (;‘) edges in the random graph

on n vertices turns up with probability p independently;

e In the size model G(n,m), the m edges in the random graph on n vertices are

chosen uniformly from (([:2:))

In this section, we will show that these two models behave similarly when we take
m~p(3).

Let |G(n,p)| be the number of edges in G(n, p). The following simple result shows
that the density model G(n,p), conditioned on the event that {|G(n,p)| = m}, is

equivalent to the size model G(n,m).

Theorem 2.6. Let N = (g) The probability that G(n,p) is a given graph G with m

edges conditioned on the number of edges is 1/(Z)

Proof. Let G be any certain graph on n vertices with m edges. Then we have

P (G(n,p) =G | |G(n,p)| =m) = PP(TEEZ:S\::%
pr(—p)N

T (M —pNm



As we mentioned above, the core problem in random graphs is what is the typical
structure in a given stage of the random graph. In other words, for a given structure,
when does it turn up with high probability? We use ‘graph has a property’ to refer to
the appearance of a particular structure in the graph. If we view the random graph
G(n, p) as a random variable, then the sample space is the set of all possible graphs on
[n]. For a given structure, some possible graphs have this structure but others don’t.
It follows that when we say that the random graph G(n, p) contains a given structure
we mean that the random graph is one of those graphs containing this structure. For
labelled graphs on [n], a graph is determined uniquely by its edges set. Formally, a
graph property F is a subset of 2(%) where ([Z]) indicates the set of all possible edges
on vertices set [n].

If the property F such that
ACBand Ae F= BeF,

then we call F an increasing property. Increasing properties are quite common, for
example, a graph containing a triangle, a graph having no isolated vertex, and a graph
being connected. So it is natural to focus on increasing properties, and we have the
following results.

First, we will introduce the coupling technique and show an intuitively obvious
fact as an application of the coupling technique. Let p; < p and ps be defined by the

following equation
1—p=(1=p)(1—p2)

Imagine that GG is a random graph in which u,v are adjacent if and only if they
are adjacent in G(n, p1) or G(n, ps) where G(n,p;) and G(n, p2) independent random
graphs on the same vertices set [n]. It follows that each possible edge turns up in G

with probability p independently. Then we have
G(n,p) = G(n,p1) UG(n, p2)
where G(n,p1) and G(n,py) are independent. Similarly, in the size model, we have
G(n,m)=G(n,m;)UH

where m; < m and H is a random graph on [n] with my = m — m; edges chosen
uniformly from ([Z])\E (G(n,my)). Intuitively, the probability P(G(n,p) has F) in-
creases as p gets larger for increasing property F. By coupling technique, we show

this fact formally.



Proposition 2.7. Let F be an increasing property. If py < ps, then
P((G(n,p1) has F) <P ((G(n,ps) has F).
Proof. Let p = B2t p L, It is easy to check that
1—py=(1-p)(1-p)

Let Gy, G be independent copies of G(n, p;) and G(n, p) respectively. By the coupling
technique, we have that G5 := G; U G has a distribution as G(n,ps) and E(G;) C

E(Gs). Since F is an increasing property, we have
P (G, has F) <P (Gq has F).

Equivalently,
P((G(n,p1) has F) < P((G(n,ps2) has F).

Similarly, we have the following result in the size model.

Proposition 2.8. Let F be an increasing property. If my < ms, then
P((G(n,mq) has F) <P ((G(n,ms) has F).

Recall the theorem 2.6 and let N = (;) Using the law of total probability, we

have

P (G(n,p) has F) = ZIF’ ) has F)P (|G(n,p)| = k).

Chebyshev’s inequality shows that a random variable is far from its mean with a
bounded probability. Suppose that Np — oo as n — oo. Recall that E[|G(n,p)|] =
Np and Var [|G(n,p)|] = Np(1 — p), we have the following observation

P <||G(n,p)| ~ Np| > %Np) < 4Var([|]\i()z,p)|]

_ 4ANp(1 —p)
(Np)?

as n — oo which means the probability concentrates around the mean. For increasing

properties, we can get a better result using the theorem 2.5.

n

)1, we have

Theorem 2.9. Let F be an increasing property, p € [0,1] and m = |p(

P (G(n,p) has F) > =P (G(n,m) has F).

2
7



Proof. Let N = (3). The probability

P (G(n,p) has F) = 3P (G(n, k) has F) P (|G(n.p)| = k)

> 3" B(Gln, k) has F) P (|G(n,p)| = k)

> P (G(n,m) has F)P(|G(n,p)| > m)

where the second inequality holds by proposition 2.8. Since |G(n,p)| = B(N,p), by
the theorem 2.5 we have the median i3 of |G(n, p)| satisfy

[Np) < py < [Np).
It follows that

P(IG(n,p)| = m) = P(|G(n,p)| = [Np]) = P(IG(n,p)| > p1) >

N | —

Therefore, we have P (G(n, p) has F) > $P(G(n,m) has F). O

2.3 Threshold phenomenon

In the research of Erdés and Rényi [11, 10], an interesting observation is that the
appearance of some increasing properties is abrupt such as connectedness and con-
taining given subgraph. That is to say, random graphs G(n, p) have a property with
high probability as long as p is slightly larger than some p*. Typically, we have the

following picture.

1,,
N
2
=
=
£
S
Ay

0

0 1

p

We use a simple example to show this phenomenon. This example is common, we

reference the lecture note by Riordan [28].

8



Theorem 2.10. Let p* = n=5 and F be the property that G(n,p) contains a K, as
subgraph.

1. If p/p* — 00 as n — oo, the the probability P(G(n,p) has F) — 1;
2. If p/p* — 0 as n — oo, the the probability P(G(n,p) has F) — 0.

Proof. Let X be the number of Kys in G(n,p). Let S be a given subset of [n| with
|S| = 4 and Ag be the event that S induces a K4 in G(n,p). Let I4, be the indicator
of the event Ag, that is,

{0 if the event Ag does not occur
As -

1 if the event Ag occurs.

It follows that X = ) 4 la,. The event Ag occurs if and only if 6 specific edges are
present. It follows that
P (As) = p6.

By the linearity of expectation, we have

4,,6

=B = 3P (as) = ()" ~ oo 2.)

In the case of p/p* — 0, the expectation
E[X]=0 (n°) =0 <n4 (n—§>6 (p/p*)6) -0
as n — oo. Thus, by Markov’s inequality, we have that
P(G(n,p) has F) =P(X >1) < —— =0

as n — 00.

In the case of p/p* — oo, notice that E[X] — oco. But it is not enough to show
that P(X > 1) — 1. We will use Chebyshev’s inequality to show what we want.
First, we consider the second moment of X which will imply Var[X] with E[X].

Expand the second moment of X and we have

X% = (ZS: IAS>2 = ZXT:IAS[AT.

S

Since [4 14, =1 if and only is Ag and Ar occur, we have
E[X*] =) ) P(AsnAr).
s T

9



Notice that P (Ag N Ar) only depends on the size of S NT. We calculate the contri-
bution in E [X?] of different cases of |S N T| as follows.

|SNT] contribution

n n—4 nipb nipt
)pﬁ( )p6 ~ = 1 + o(p”)

—_

Since
P (G(n, p) doesn’t have F) =P (X =0) <P (| X — p| > ),

we estimate the probability P (}X — ,u| > u) by Chebyshev’s inequality,
Var [X]

12
E[X? -E[X]"

P(IX —n|=n) <

as n — oo. It follows that P (G(n,p) has F) — 1 as n — oo when p/p* — oo and
the proof is complete. O]

Now we formally state the definition of the threshold.

Definition 2.11. Let F be a property of random graphs. A function p*(n) is called
a threshold function for F if

1. P(G(n,p(n)) has F) — 0 when Ifl((n) — 0 and

n)

2. P(G(n,p(n)) has F) — 1, when ]% — 0.

A threshold function is not unique since we can easily get a new one by multiplying
a constant. By the simple example above, we use Markov’s inequality and Cheby-
shev’s inequality which are the most basic and useful methods to get the threshold.

We call them the first moment method and the second moment method.

10



Theorem 2.12 (First moment method). Let X be a non-negative integer random
variable. The probability
P(X > 1) < E[X].

Theorem 2.13 (Second moment method). Let X be a non-negative integer random

variable. The probability
< Var[X]

P(X =0) < g

Calculating the expectation of a random variable tends to be easy since its linear-
ity. A function p(n) such that E[X]| — 0 gives a natural lower bound of the threshold.
A natural idea is whether the lower bound is exactly the threshold or how far is the
threshold from the lower bound. In later chapters, we will show that although the
threshold can’t be gotten easily just from the expectation, it is not far from this lower
bound provided we are careful about what we are counting.

In addition to what the threshold is, another important problem is when the
threshold exists. In 1987, Bollobds and Thomason [6] showed why non-trivial in-
creasing properties always have a threshold. We end this chapter with this result.

The proof here references [16] by Frieze and Karonski.

Theorem 2.14. If F is a non-trivial increasing property, there is a threshold for

random graphs to have property F.

Proof. Let Gy, --- , Gy be independent copies of G(n, p). Then the graph G = Ule Gy
is distributed as G(n, 1 — (1 —p)¥). Since 1 — (1 —p)* < kp, G(n, kp) can be obtained
from G(n,1 — (1 — p)*) by coupling with G(n,p’) where p’ is such that

(1-p)(1—p)=1~kp.
Notice that G doesn’t have property F implies none of {G;}¥_, has property F. It
follows that
k
P (G(n, kp) doesn’t have F) < HIP’ (G; doesn’t have F)
i=1
= (P (G(n, p) doesn’t have F))*

Let N = (Z) For each element S in F, the probability of the event that the random

N—|S]|

graph G(n,p) is the graph exactly containing these edges is p/*/(1 — p) Since

different elements in F are mutually exclusive, we have

pp(F) =P (G(n,p) has F) = Zp|5|(1 _ p)N—Isl
SeF

11



which is a polynomial in p. As we show in proposition 2.7, p,(F) increases as p
increases from 0 to 1. For € € [0,1], let p(e) be defined by ji,)(F) = €. Let p* = p(3)
and w(n) — oo arbitrarily slowly. Without loss of generality, we suppose w(n) > 0.
We have

1 w
P (G(n,wp*) doesn’t have F) < (P (G(n,p*) doesn’t have F))* = <§> -0

as n — oo and

% =P (G(n,p*) doesn’t have F) < (P (G(n,p*/w) doesn’t have F))

which implies that
P (G(n,p*/w) doesn’t have F) > 27w — 1

as n — oo. It follows that P (G(n,wp*) has F) — 1 and P (G(n,p*/w) has F) — 0
as n — oo. Since that w(n) — oo arbitrarily slowly, p* is a threshold for property
F. O

Remark 2.15. The value % of p* = p(%) in the proof is not essential. Any constant

strictly between 0 and 1 would work.

12



Chapter 3

Examples of threshold

In this chapter, we will give some examples of thresholds. Through these examples,
we want to show that the first moment method provides a natural lower bound of
the threshold easily but in many cases, it is not exactly a threshold. Fortunately, the
threshold seems not far from this lower bound.

The first section will show the threshold concerning a small subgraph with finite
vertices and edges. These cases are relatively easy to analyze.

In the second section, we move our attention to large subgraphs such as spanning
trees, that is, the connectedness of the random graph. This is one of the important
earliest results in random graphs given by Erdés and Rényi [10]. In fact, they prove
that 10% is the sharp threshold for connectedness which is stronger than the threshold.

Finally, based on the threshold concerning connectedness, we show another two
results concerning the Hamilton cycles and perfect matchings. In terms of perfect
matchings, due to Erddés and Rényi’s work [9], the threshold was given in 1964. The
threshold for Hamilton cycles is much more difficult and left open until 1976 solved
by Pésa [25]. Since the aim of this chapter is to show some motivations for Kahn
and Kalai to propose their conjecture, we first show the threshold for Hamilton cycles
and deduce the threshold for perfect matchings. Interestingly, it is found that both of

them have similar relations with the lower bound given by the first moment method.

3.1 Small subgraph

Recall the threshold for random graphs containing a K} is n~3 which is equal to the
lower bound provided by the first moment method. However, this coincidence will
vanish after a tiny change. The discussion here references [28].

Let H be a kite, K, with an extra edge hanging out. Since K, is a subgraph of

H, we have that G(n,p) contains a K4 whenever it contains an H. As we do in the

13



Figure 3.1: K4 and H

example of Ky, for a copy of H, the probability of the event that this copy turns up
in G(n,p) if and only if 7 specific edges are present. In terms of number of copies,
since the number of automorphisms of H is 3!, there are w different copies

of H. It follows that

nn—1)---(n—4) .
31 b

E [number of copies of H in G(n,p)] =

Using the first moment method, we suppose n~7 is a threshold. Notice that n=? / n-s =

n=2 — 0 as n — oo and we can find some p(n) between n~7 and n~3 such that
p(n)/n_% — 0 and p(n)/n_% — 00
as n — 0o. By the definition of thresholds, we have
P(G(n,p(n)) contains K;) -0 and P (G(n,p(n)) contains H) — 1

as n — oo which is contradictory to the fact that G(n, p) containing H implies G(n, p)
containing K4. Though this example shows the threshold is not always given by the
first moment method, for small subgraphs with finite vertices and edges, the threshold
can be solved by the first and second moment method. Before introducing the result,

we define the edge density of a graph and simplify the second moment method.
Definition 3.1. The edge density d(G) of a graph G is |E(G)|/|V (G)].

Let {4,,;} be a sequence of events and X,, be the number of events which occur.

Taking independence into consideration, we have the following lemma.

Lemma 3.2. Let A, =), ij P(A,; N A, ) where i ~ j means events A,; and
A, j are dependent and i # j. Let E[X,] = pn. If A/ — 0 and p, — 00, then we
have P (X,, = 0) — 0 as n — oo.

14



Proof. By the definition of variance, we have Var[X,] =E [(}_, [n,i)ﬂ —(E[X, L))

where I,,; is the indicator of the event A, ;. It follows that

Var[X,,] = Z Z (P(An;i N Any) — P(Ani)P(Any))

_ Z (P(Ani) = P(A0)?) + D0 (P(Ani N Any) — P(A)P(A, )

i i#E]
SEX ]+ )0 P(Ani N An) = pin + A,
i i~
If % — 0 and p, — 0o, then we have % — 0. By the theorem 2.13, we have
P(X,=0) — 0asn— oc. O

Theorem 3.3. Let H be a graph and let H' be one of the subgraphs of H with
1

mazximum edge density. One of thresholds of G(n,p) containing H is p* =n 4@,

Proof. Let e = |E(H)|,v = |V(H)| and ¢ = |E(H')|,v" = |[V(H')|. So we have
d(H") = % and j—: > ¢ Let X be the number of copies of H in G(n,p). Let {H;}
be all possible copies of H and {A;} be the corresponding event that H; turn up in
G(n,p). The event A; occurs if and only if specific e edges are present. It follows that

P(A;) = p°.

By the linearity of expectation, we have

nn—1)---(n—v+1)

pi=EX] = aut(H)

p° = O(n’p°)

where aut(H) is the number of automorphism of H. Notice that events A; and A,
are dependent if and only if E(H;) N E(H;) # (). We have that

A=Y "P(ANA)=> Y P(HUH;CG(np).

i i~ i i~
Let 7 be the number of vertices in H; N H; and s be the number of edges in H,; N H;.

Since H; N H; is also a subgraph of H, we have f < % There are 2v — r vertices and

2e — s edges in H; U H;. For fixed r, s, the contribution of these terms are

O(n* ™) = O(u*n""p~*) = O <u2 . (3) > :

nrp*s p*

~

*e v—e

n'p®=n"%">1 and n’p*“=n 7> 1.



In the case of p/p* — oo as n — 0o, we have

(e () Jorse((2) )0
oo (2)) 20((2))

as n — 00. Since H is a graph with finite vertices and edges, the number of different

and

pairs of r, s is finite. It follows that A = o(u?) by (3.1). Using the lemma 3.2, we
have
P(X =0)—0

as n — oo which implies that P(G(n,p) contains H) — 1.
In terms of the case p/p* — 0, let X’ be the number of H's in G(n,p). We have

nn—1)---(n—0v+1) _ Y

i) = " B o) o (2)) 0

as n — oo which implies that P(X’ > 1) — 0 by Markov’s inequality. Since H' is a
subgraph of H, we have

P(G(n,p) contains H) < P(G(n,p) contains H') =P(X' > 1) — 0.

1
Therefore, we complete our proof and show that p* = n d4#H) is a threshold of

G(n,p) containing H. O

3.2 Connectedness

Connectedness may be the most basic property of a graph. Since a graph is connected
if and only if it contains a spanning tree, a natural idea to get the threshold for
connectedness is to count the number of spanning trees as we do in the last section.
For a labelled graph on n vertices, there are n"~2 possible spanning trees by the
famous Cayley’s formula and each of them contains n — 1 edges. Let X be the

number of spanning trees in the random graph G(n,p). It is easy to check that
E[X] =n""?p" "

Take p* = n~! and we have E[X] — 0 as n — oo which is a lower bound of the
threshold. However, it is too difficult to consider the second moment which leads us

to another idea.

16



A component of a graph is a connected subgraph and there is no larger connected
subgraph containing it. A k-component is a component on k vertices. It is obvious
that a graph is connected if and only if there is no k-component with 2 < k < n and

isolated vertices. First, let’s focus on the isolated vertices.

Theorem 3.4. Let F be the property that there is no isolated vertex in the graph.

Let
= logn 4+ w(n)

n
The probability
1 if wn)— oo

where |w(n)| = oo arbitrarily slowly as n — oc.

Proof. Since |w(n)| — oo arbitrarily slowly, we assume that |w(n)| = o(logn) without
loss of generality. Let X be the number of isolated vertices in G(n,p). Let A; be the
event that the vertex i is isolated and we have P(4;) = (1 — p)"~1. By the linearity

of expectation, we have
E[X] =) P(A)=n(1-p)""

Since p — 0 as n — 0o, we use Taylor expansion to have

1—p= e—PHOW?)

Using this estimate, we have

E[X] = n(1 — p)"! = elosn-m+r+0Gn),

log ntw(n)
n

Substituting p = , we have

E[X] = elognprtptO®™n)
_ pwm)to(1)

= (14 0(1))e ™,

In the case of w(n) — oo, we have

P(G(n,p) doesn’t have F) =P(X > 1) < y —0

as n — 0o. Equivalently, we have P(G(n,p) has F) — 1 as n — oo if w(n) — oo.
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In the case of w(n) — —oo, we have
pi=E[X] = (14 0(1)e ™™ — oo

The second moment of X can be write as E[X?] = 37, 3 P(4; N A;) = 37, P(A4;) +
> i 2iz; P(Ai M Aj) and the event A; N A; for i # j occurs if and only if all 2n — 4

edges between {i, 7} and the other vertices are absent as well as ij. It follows that
and

E[X?] =Y P(A4)+ ) P(AiNA)
i i#j
ZM+MT%E+OW)
= (1+o(1)p? + o(p?),

we have Var[X] = E[X?] — E[X]? = o(u?). By the theorem 2.13, we have
P(X = 0) — 0
as n — oo which implies that P(G(n,p) has F) — 0 as n — oo. O

The threshold can be implied by this result and actually, it shows 10% is a sharp
threshold. From the definition of a sharp threshold, it is easy to find that a sharp
threshold is also a threshold.

Definition 3.5. Let F be an increasing property of random graphs. A function p*(n)
is called a sharp threshold function for F if for Ve > 0

1. lim, 0o P(G(n,p(n)) has P) = 0 when lim,,_, ;’(") <1-—c¢€and

= 2

*(TL
P > 1 4

2. lim, 0o P(G(n,p(n)) has P) = 1, when lim,,_, i 2

The theorem 3.4 shows the probability of the random graph containing no isolated
vertices when |w(n)| — oo. Actually, for |w(n)| < oo, we have a finer description,
that is, the distribution of the number of isolated vertices in G(n,p) converges to
Poisson distribution. We maintain X denote the number of isolated vertices and
p = w. There are two methods to show this result, referencing [16] by Frieze
and Karonski.

The first one uses the method of moments. As we state in theorem 2.3 and re-

mark 2.4, if finite order binomial moments of X tend to the corresponding binomial
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moments of Poisson distribution, then X converges in distribution to Poisson distri-

bution. Since the £ binomial moment of Poisson distribution with parameter e=¢ is

E X —>6_Ck —
L Il as n Q.

Let A; denote the event that the vertex i is isolated. As the combinatorial meaning

%, we will show that

of binomial coefficients, ()k( ) describes the number of different choices of unordered k

isolated vertices. Then the k™ binomial moment of X satisfy

(]2 (0%)

s=1

_ (Z) (1 — p)rn=h+(2)

The second equation comes from the equivalence between the event that given k
vertices are isolated and the event that there is no edge between these k vertices and
the other n — k vertices as well as among these k vertices. By the estimate that

1—p= e PtO(P*) and Stirling formula, we have the follow estimate

n n—k
e O () ( ¢ ) PO (n—k+E51)

(n—k)! n—=k \e n—k
n\* k nT_kk 717w(n)k
<) (1) e
Ne—ck

and E [()k()} — e;,Ck as n — oo. It follows that X converges to Poisson distribution
with parameter e~¢ by the method of moments.

The second method shows the distribution of X directly. Before our proof, we
first give some lemmas.

A Boolean function is a function of n variables, each of which is in {0, 1} and only

has two values in {0,1}. Let Ay,---, A, be events and 14,8 be the indicators of A;s.
Lemma 3.6. Let Aq,---, A, be events. Let fi,---, fr be Boolean polynomials in n
variables and o, - - - oy, be real constants. If
k
E Zaifi([An'“ 7[An) >0 (32)
i=1

whenever P(A;) =0 or 1 for Vi, then (3.2) holds for every choice of events.
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Proof. First, the event {fi(I4,,--+,1a,) =1} can be written as

con=g ({04 (0))

for some Z C 2 Tt follows that

SCZT 1€S i¢S

and we can rewrite the left side of (3.2) as follows

E gaifi(IAl,--- ,]An)] :iaiZP <(ﬂA> a (ﬂA?))

i=1  SCT €S i¢S

_ SQZM BsP ((QA) N (QAZC)) : (3:3)

Since we suppose (3.3) is non-negative whenever P(A4;) = 0 or 1, we take A; = Q (2
is the sample space) for i € T and A; = () for i ¢ T for T' C [n]. We have

£ ee((04)o(0e)) e

Therefore, we have Sy > 0 for VI' C [n] which implies that

k
E|S aifilla,, - ,Lm] >0
=1

in general. [l

This lemma was proposed by Rényi [27] in 1958 and the principle of inclusion-
exclusion can be implied from this lemma. Using this lemma, we prove the following

result.

Lemma 3.7. Let Ay,---, A, be events in the sample space 0 and X be the number
of events among {A;} that occur. Let B, =E [(})]. Then we have

k
P(X = 7) zk ]( DF9 () By if s —jis odd (3.4)
k
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Proof. To use the lemma 3.6, we just need to check the cases when P(A4;) = 0 or 1
for Vi € [n]. Suppose that exactly ¢ given events occur with probability 1 and the
others never occur for 1 < ¢ <n. We have B, = (2) It follows that

S-S ()0

L k!
=V

1 (€ - j)!
U= )M (k= 5)N(E = k)!

Qg w

If ¢ < 4, we have (i:;) = 0 which equals to P(X = j) = 0. In terms of ¢ = j, we

have (3.5) only have the first term (g)(—l)j*j (;:;) = 1 non-zero and P(X = j) = 1.

Finally, if j < ¢ <n, we have P(X = j) =0 and

o ()-50(

k=j t=0

(V) () (Y)
- ()

The second equality uses the simple fact that (Ezj ) = (szl) + (ZZ Il) Therefore,

we have shown that (3.4) holds for P(A4;) = 0 or 1. By lemma 3.6, we have it holds

in general. [l

(-1

This lemma provides us with an upper bound and a lower bound of the probability

P(X = 7). Then squeeze theorem shows what we want.

log n+w(n)
n

Theorem 3.8. Let X be the number of isolated vertices in G(n,p) with p =
and w(n) = ¢ < oo as n — oo. The probability

e

P(X =j)—>e i

as n — oo which implies that X converges in distribution to the Poisson distribution.
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X

k)}%%asn%oo. By

Proof. As we mentioned above, we have B, = E [(

lemma 3.7, for £ > 0, just consider

j+20+1 k e_ck J+2¢ k e—ck:
k—7 . . k—j
> (0 (5) G = b= < 00 ()

k=j

It is easy to check that

jtm —ck m —c(j+t)
k\ e e~V
k— _ t
Z(_l) j() ko Z(_l) jle!

1 J =0
e_cj m G_Ct
= —1)f
Gicj c
- —e ¢
j!
as m — oo which implies that P(X = j) — e™¢ "2, =
4!

Now we return to our starting problem when the random graph G(n, p) becomes
connected. Amazingly, it is found that random graphs become connected as long as

isolated vertices vanish.
Theorem 3.9. Let p = w. The probability

1 if w(n) — oo
P (G(n,p) is connected) — < e ¢ if w(n) —c< oo
if w(n)— —oo
as n — oo.

¢ when w(n) — ¢ < co. Since con-

Proof. Suppose P (G(n,p) is connected) — e~
nectedness is an increasing property, we have P (G(n,p) is connected) — 1 when
w(n) — oo and P (G(n,p) is connected) — 0 when w(n) — —oo.

Therefore, we only need to show the case of w(n) — ¢ < oco. Without loss of
generality, suppose |w(n)| < logn for n > 1. It is known that a graph is connected if
and only if it has no k-components for 2 < k < n as well as isolated vertices. Let X}
be the number of k-component. Since it is impossible that there is no k-component
for 2 < k < [§] nor isolated vertices while /-component exists for £ > | %], we only
need to consider k-component for k& < |%] and isolated vertices. For the sake of
convenience, we view isolated vertices as 1-components.

First, we consider k-component for 2 < k < |%]. Let X} be the number of k-

component. Let S be a set of vertices with k£ elements and Ag be the event that S
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induces a k-component. Given k vertices, the event that they induce a k-component
means there is a spanning tree on these vertices meanwhile there is no edge between
these k vertices and the others. By Cayley’s formula, we have the union bound of the
probability

P (As) < (1= p)rtRgk=2p-t,

Then we have
n _ o
E [Xk] < (k> (1 . p)k(n k)kk 2pk 1

By the following estimates!

" <(@)k l—z<e™®
k)= \k T=e
we have

k
E[Xk] < (%) e—pk(n—k)kk—ka—l

_ 1 n @klog n+ w(n) UL g
k2logn +w(n) \ k n
2

- kio( n ) (O(logn)(lnLo(l))lekloin)k.

logn n

When n is large enough, and 2 < k < 5, we have

£ (gtz) (e o) =0 535) (oven )

In terms of 6 < k < [ 3], we have

%O ( - ) <O(logn)(1 + 0(1))le’fl°i”)k ~0
9)

logn n

Combining the above, we have

2]
Y EX]<4-n +

k=2

n
2

1

=0(Mn2)—=0

nlw

n-

Lthe first one is the standard upper bound for binomial coefficients
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as n — 0o. Then, by Markov’s inequality, we have

2 E[X,]

—0
1

2]
PIY Xe>1]| <
k=2

as n — o0.

Recall that

l3]
P (G(n,p) is connected) = P ﬂ{G(n,p) has no k-component }
k=1

Equivalently, the probability

L3]
P (G(n,p) is not connected) = P U{Xk > 1}
k=1

5]
<P(X;>1)+P Xp>1
o2

—P (X, >1)+o(1).

NIE

Since P (G(n,p) is not connected) > P (X; > 1), we have
P (G(n,p) is not connected) — P (X; > 1)
as n — 0o. Equivalently, we have
P(G(n,p) is connected) — P (X; =0).

By theorem 3.8, we have

—c

P(X;=0)—e°
as n — oo when p = w with w(n) — ¢ < oo and our proof completes. O
Theorem 3.10. Let F be the property that the random graph is connected. Then

P 10% 15 a threshold for F.

3.3 Hamilton cycles and perfect matchings

A Hamiltonian cycle is a cycle that passes each vertex exactly once. A graph is
Hamiltonian if it contains a Hamilton cycle. The threshold concerning Hamilton

cycles was first given by Pésa [25]. For a cycle on n labelled vertices, we can get 2n
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different permutations by different choices of the first elements and the direction. It
follows that there are % = @ possible Hamilton cycles in a graph on [n]. Let X
be the number of Hamilton cycles in the random graph G(n,p). By the first moment
method, we get
Blx] = "y
1

I'is a lower bound of the threshold. It is obvious that n~' is

and it follows that n~
not a threshold since a Hamilton cycle in a graph implies that the graph is connected
and n~! is much less than the threshold for connectedness.

Posa provided an observation of the longest path in graphs. Let P be one of the
longest paths in graph G on [n| with end vertices u,v. We also use P to denote the
vertices set or edges set of the path if there is no ambiguity. Since P is the longest

path in G, the end vertices have no neighbourhood in [n]\P. If there is some = € P

Figure 3.2: Path P

such that zv is an edge in G, we have a transformation to get a new path P,, like
fig. 3.2 to fig. 3.3. Notice that v is the common end vertices of P and P,, and P also

can be gotten from P,, by a similar transformation. Allowing transformation several

Figure 3.3: Path P,

times successively, let A be the set of vertices a such that there is a path P,, from u

to a can be obtained from P by transformation with common end vertex u. Let B

25



be the set of vertices such that they are different from w or any vertices in A and are
not adjacent to any vertex in A on the original path P. Thus all vertices in [n|\P are

in B. We have the following result.
Lemma 3.11. There is no edge between A and B.

Proof. For ¥b € [n]\ P, suppose to the contrast that there is an a € A such that a, b
are connected by an edge in GG. It follows that there is a path P,, from u to a that
can be prolonged by adding the new edge ab which is contradictory to the assumption
that P is one of the longest paths.

For Vb € PN B, we will show that if b is adjacent to some a € A, then there
is a a € A such that ab € P. Suppose to the contrast that «, 5 are neighbors of b
on P with o, ¢ A and b is adjacent to a € A. Consider the path P,, from u to a
(since a € A, we can always obtain P,, from P by a series of transformation). Let
{s,t} be the neighbours of b on P,,. We have {s,t} = {«, 5}, otherwise ba, or b3 is
deleted by one transformation which implies that one of «a, 3,b belongs to A which
is a contradiction. Since {s,t} = {«, 5} and b is adjacent to a, it follows that one of
{a, f} belongs to A by a transformation from P,, which is also a contradiction.

Therefore, there is no edge between A and B. O]

Since for each a € A, a has no more than two neighbours on the path P, there
are at most 2|A| + |A| 4+ 1 elements not in B. It follows that

|B| >n—3J|A| — 1L

Through the longest path, we can construct such a structure in a graph that there

are two disjoint sets of vertices and there are no edges between them. In the random

clogn
n

graph G (n, ), such structures turn up with low probability if the size of one set

is small and c is large enough.

Lemma 3.12. Let p = Clo%. In the random graph G(n,p), the probability that there
are two disjoint nonempty sets of vertices S, T with |S| = k < |§] and |T| = n—3k—1
such that there are no edges between S and T tends to 0 as n — oo when c¢ is large

enough.

Proof. For 1 < k < [%], let Esry be the event that for given two disjoint sets of
vertices S, T with |S| = k and |T'| = n — 3k — 1, there are no edges between S and T'.
The event occurs if and only if the specific k(n — 3k — 1) edges are absent. It follows
that

P(Esri) = (1 — p)k(n_gk_l)‘
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Let X}, be the number of different pairs S and 7" such that the event £g 1., occur and
the expectation of X,

st (), "2t Jucpse

—pk(n—3k—1)
Zk +1

n3k+1 —CloBn (_3k—1)k
Set ¢ = 30, and we have E [X;] < O(n™?). Let £ be the event that for some 1 < k <

| %], there are two disjoint sets of vertices S,T" with |S| = k and |T'| = n — 3k — 1
such that there are no edges between S and 7. It follows that

By the estimate 1 —x < e, we have

() 2t o

IN A

Cﬂ\’l

IN

%) %)
U131 | <) Px>1).

k=1
By Markov’s inequality, we have that
L) 1%
E[X
P<Xk21)§%§%n_2—>0
k=1
as n — oo and our proof complete. O

By this lemma, we will show there is a Hamilton path in G (n, Cl(’%) with high

probability when c is large enough.

Theorem 3.13. Let p = Clo% with ¢ large enough. In the random graph G(n,p), the
probability that there is a Hamilton path tends to 1 as n — oo.

Proof. We define events as follows

n

o & for some 1 < k < |7], there exist two disjoint sets of vertices S,7" with
|S| = k and |T| = n — 3k — 1 such that there are no edges between S and T';

e L, for given vertex x, any longest path in G(n,p) passes through x.

We use A to denote the complement of the event A. Suppose £, occurs, that is, there
exists a longest path on GG that doesn’t pass z. Let’s consider one of the longest paths
of G in G — x and call it P. We define the vertices set A, B as we state above. If
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|A] < [}, we have |B| > n — 3k — 1 which implies the event £ occurs. In the case of

|A| > [ %], we notice that x isn’t adjacent to any a € A otherwise P can be prolonged.

(1 B clogn)z
n

_nclogn
e 4 n

The possibility

IA

P (x isn’t adjacent to any a € A)

IN

n

s

It follows that P (£, NE) < n~1 which implies that P (J,(£, NE)) < n-n"1. By
the lemma 3.12, the probability of event £ is o(1) when c¢ is large enough. It is easy

to check that
P (UE) =P (UZH?) +P (UZHS)
P (U(Zm?)) +P (&)

xT

IN

<n it 4 0(1) =0

as n — oo for large ¢ which implies that

() -

as n — oo. Equivalently, the longest path in G(n,p) passes every vertex with high
probability which means there is a Hamilton path in G(n, p) with high probability. [

Finally, we use the coupling technique and show that there is a Hamilton cycle

with high probability.

Theorem 3.14. Let p = % with C' large enough. In the random graph G(n,p),
the probability that there is a Hamilton cycle tends to 1 as n — oo.

Proof. Let p; = 9% with ¢ large enough and p, = 8™ Let G4, G5 are independent

n n

copies of G(n,p1),G(n,ps) respectively. Let G be the graph obtained from G; by

coupling GG5. We define events as follows

o & for some 1 < k < |7], there exist two disjoint sets of vertices S,7" with

|S| = k and |T| = n — 3k — 1 such that there are no edges between S and 7" in
Gy;
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e M: the random graph G contains a Hamilton path;
e 7: the random graph G contains a Hamilton cycle.

Suppose M occurs. Let P be a Hamilton path in G;. As stated above, we have a
fixed end vertex u and two vertices sets A, B such that there are no edges between A
and B. If [A] < [%], then the event £ occurs. In terms of |A| > [%], if there is no
Hamilton cycle in G, then there are no edges between u and A in G5. The probability

of this event is less than

logn\ n logn
(1— S ) Se_zli Sn_i
n

Using the law of total probability, we have

<
By the theorem 3.13 and lemma 3.12, we have
PHAMNE) +P(E)+P (M) <ni+o(l)+o(l) =0
as n — oo when c¢ is large enough. It follows that P (H) — 1 as n — oo. Notice that

1 1 1 1 ?
<1_cogn) (1_ ogn) (et 1) ogn+c(ogn)
n n n n

1
>1—(c+1)2",
n

The random graph G has a distribution as G(n, p’) with p’ < (c+1)1°%. Take C' = c+1
and p = 1% We have

P (G (n,p) has a Hamilton cycle) > P (G(n, p") has a Hamilton cycle) — 1

as n — oo. O

Recall that the threshold for the property that there is no isolated vertex in
G(n,p) is 1"%. Since a random graph containing a Hamilton cycle can imply that it

has no isolated vertex, we have a lower bound of the threshold for the Hamilton cycle

%) contains a Hamilton cycle with high probability.

logn
n

10%. As we show above, G(n,

Combining them, it follows that is a threshold for the Hamilton cycle.
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Theorem 3.15. Let F be the property that the random graph contains a Hamilton
cycle. One of thresholds for F is 10;51”.

After Posa proved this result, Komlds and Szemerédi showed that the sharp thresh-
old for the existence of Hamilton cycles is w in [21]. Bollobés [4] improved
this to a hitting time result. If we add edges one by one then with probability tending
to 1 the graph becomes Hamiltonian at exactly the point when the minimum degree
becomes at least 2.

Notice that the existence of a Hamilton cycle implies the existence of a perfect
matching for graphs on even vertices. Meanwhile, a perfect matching implies that

there is no isolated vertex. We can get the threshold for perfect matchings directly.

Theorem 3.16. Let F be the property that the random graph contains a perfect
matching. One of thresholds for F is lo%.

This result was proven first by Erdés and Rényi in [9]. Actually, they proved
that k’% is a sharp threshold. Bollobas and Frieze improved their work and we refer
interested readers to [5].

Interestingly, if we try to use the first moment method to consider the threshold

1'is a natural lower bound

for the existence of perfect matchings, we will find that n~
since there are %7—2'%, copies of perfect matchings and each of them contains exactly
5 edges. Recall the examples of connectedness and Hamilton cycles. All of them
show that there is just a logarithmic gap between the lower bound and the threshold.

These examples motivated Kahn and Kalai to propose their conjecture.

30



Chapter 4

Kahn-Kalai Conjecture

In this chapter, we will introduce the Kahn-Kalai conjecture which gives an easy
but good estimate of the thresholds for increasing properties. As we mentioned in
the last chapter, the first moment method provides a lower bound of the threshold.
However, for the upper bound, there is no good estimate until 2007. Kahn and
Kalai [19] proposed their conjecture saying the upper bound is not far from the
trivial lower bound. Park and Pham [24] proved this conjecture in 2022. Before
that, Frankston, Kahn, Narayanan and Park [12] proved a weaker theorem in 2021
called the fractional Kahn-Kalai conjecture which has many significant applications.
This conjecture was modified by Talagrand [29]. The proofs of these two conjectures
are similar by iteration. Park and Pham introduced a technical notion, minimum
fragment, which enables them to prove the Kahn-Kalai conjecture elegantly. This
technique can also be applied in [12] to simplify the proof.

We will introduce the Kahn-Kalai conjecture including the fractional version con-
jecture with applications and leave detailed proof to the next chapter. The applica-

tions reference [16] by Frieze and Karoriski.

4.1 Kahn-Kalai Conjecture

Recall that the lower bound of the threshold for the existence of spanning trees,
Hamilton cycles, and perfect matchings provided by the first moment method are all
at least n~!. Meanwhile, they have the same threshold 10%' All of them show that
there is just a logarithmic gap between the lower bound and the threshold. These
examples are part of the motivations for Kahn and Kalai to propose their conjecture.
Now we state this conjecture formally.

As we mentioned above, a graph property is a subset of the power set 2([3]).

Generally, let X be the ground set and a non-trivial increasing property F is a subset
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of 2% such that
ACBand Ae F= BeF

and F # 2% (). We use X,, to denote the random subset of X and each element of X
is contained in X, with probability p independently for p € [0,1]. Correspondingly,
X, is a uniform m-element subset of X for m < |X]|. If the random subset has the
property F, we write X, € F or X,,, € F. Let u, be the product measure on 2%
given by

pp(S) = pPl(1 — p) XA,

Different elements in F are mutually exclusive, so we have

P(X, € F) = Z]p) ZP|S| \X\SI
SeF SeF
Let p1,(F) = Y gerzp/(1 — p)X\. Similar to the proposition 2.7, we have f,(F)
increases as p increases.
Recall that the threshold is not unique in the original definition. The proof of
theorem 2.14 offered us a insight that Ve € (0,1), p(e) defined by

P(G(n,p(e)) has F) =€
is a threshold. By this observation, we redefine the threshold uniquely as follows.

Definition 4.1. Let F be a non-trivial increasing property. The function p.(F) is

the threshold for F if .

5= Hpe(F) (F)-

Recall that the first moment method provides a lower bound in chapter 3. Espe-

cially motivated by the examples 2.10 and 3.3, we write this lower bound formally.

Definition 4.2 (expectation threshold in graph). Let H be a subgraph of the com-
plete graph K,,. The expectation threshold for the event that G(n,p) contains H as
a subgraph is defined by the following equation

pe(H) = min{p : E [number of H' in G(n,p)] > =' VH' C H}.

[\DI»—t

This definition has a clear meaning and we can rewrite it as

pe(H) = max{p : E [number of H' in G(n,p)] < JH' C H}.

DN | —

Lwe use % here to keep the definition compatible with abstract expectation thrshold
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Since E [number of H' in G(n,p)] = Y ooies or i PP, Kahn and Kalai generalise

this concept into more abstract settings in [19]. Let G be a subset of 2% and if
FC(G)y = J{T:725},
Seg

we say that G is a cover of F. It is easy to find that the set of all copies of H' is a
cover of the property that G(n,p) contains H as a subgraph. Following [29], we say
F is p-small if there is a cover G of F such that

Sy
Seg
Definition 4.3 (abstract expectation threshold). ¢(F) is the expectation threshold

of F if it is the maximum p such that F is p-small.

It is easy to check that ¢(F) is a lower bound of p.(F). We refer interested readers
to the proof of the proposition 4.8.

Kahn and Kalai conjectured that there is a universal constant K such that
pe(F) < Kq(F)log | X].

In Park and Pham’s proof, they slightly improve this result. Let ¢;(F) be the maxi-

mum size of the minimal element of F and ¢(F) = max{2, (;(F)}.

Theorem 4.4 (Kahn-Kalai Conjecture). There is a universal constant K such that

for every set X and non-trivial increasing property F C 2%,
pe(F) < Kq(F)log (F).

In Park and Pham’s proof, they first reduced the Kahn-Kalai conjecture to the
following theorem 4.5. Let H be a subset of 2%. We say H is -bounded if the size of

any element in H is no more than /.

Theorem 4.5. Let { > 2. There is a universal constant L such that for any nonempty

(-bounded subset H of 2% that is mot p-small, a uniformly random ((Lplog ¢)| X|)-element

subset of X belongs to (H) with probability tending to 1 as { — oo.

Starting from this theorem, let H be the set of the minimal elements in property F.
Then we have (H) = F and by Chebyshev’s inequality, we can get the theorem 4.4.
We leave the proof of reduction to the next chapter. This theorem is not easy to
apply, since it is not easy to show a subset not p-small. We introduce the following

fractional Kahn-Kalai conjecture which is convenient to apply.

33



4.2 Fractional Kanh-Kalai Conjecture

The remarkable breakthrough before Park and Pham’s proof is the fractional version
of the Kahn-Kalai conjecture. Frankston, Kahn, Narayanan and Park gave their proof
with many applications in [12]. This conjecture was proposed by Talagrand [29] and he
introduced the fractional expectation threshold by relaxing notion p-small to weakly
p-small as follows.

For an increasing property F in X, we say F is weakly p-small if there is a
g: 2% —[0,1] such that

® > scr9(S) >1 VT € F and,

i ZSng(S)pm < %

Definition 4.6. ¢;(F) is the fractional expectation-threshold of F if it is the maxi-
mum p such that F is weakly p-small.

Theorem 4.7 (Fractional Kahn-Kalai Conjecture). There is a universal constant K

such that for every set X and non-trivial increasing property F C 2%,
Pe(F) < Kqp(F)log ((F).
The following proposition shows that the fractional Kahn-Kalai conjecture can be

implied from the Kahn-Kalai conjecture.

Proposition 4.8. For cvery finite set X and non-trivial increasing property F in X,

we have

q(F) < qp(F) < pe(F).

Proof. To show the first inequality right, we just need to show that if F is p-small,
then F is weakly p-small. Supposing that F is p-small, there is a G C 2% such that

F C (G) and
Zp\sl <
Seg

Let g : 2X — [0, 1] be the function as follows

9(5)2{1 ifSeg

DO | —

0 ifS¢gq.

Since G is a cover of F, for each T' € F, there is a S € G such that S C T'. Thus, we
have

> g(8) =1 VT e F.

SCT
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Meanwhile, we have

1
> 9(&)p= <o

SCX Seg
which shows that F is weakly p-small.

In terms of the second inequality, suppose that F is weakly p-small and we have

ip(F) =D (1) <D (1) Y 9(5)

TeF TeF scr
<Y (1) g(S)
TCX scr
1
=D 98> m(T) =) 98P <5
SCX scr SCX
which implies that g;(F) < p.(F). O

Talagrand also conjectured that every weakly p-small F is (p/K)-small for some
universal constant K which would serve as a bridge to the Kahn-Kalai conjecture
from the fractional version of it. Unfortunately, this conjecture hasn’t been solved
yet though the Kahn-Kalai Ccnjecture has been proven.

Weakly p-small offers us an important property about spread. We say a proba-

bility measure v on 2% is g-spread if
v({8)) <¢® v ScX.
Meanwhile, we say a subset H of 2% is g-spread if
HN(S) | <d®H| v SCX.

It is easy to check that H is g-spread if and only if the uniform measure on H is
q-spread. As Talagrand showed, the following proposition links the notions of weakly

p-small and spread.

Proposition 4.9. If an increasing property F in X s not weakly p-small, there is

a (2p)-spread probability measure on 2% supported on JF.

From a (2p)-spread probability measure supported on F, we can get a (2p)-spread
measure on G which is the set of minimal elements of F (just transfer the weight of
S € F to the minimal element 7" C S). We can relax the (2p)-spread measure to
(2p + €)-spread measure to make it take values in Q where ¢ > 0 can be arbitrarily

small. Finally, we can get a uniform (2p + €)-spread measure on H whose elements
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are copies of elements of G (allowing multi-element) which implies that H is (2p +¢€)-
spread.
Similar to theorem 4.5 for the Kahn-Kalai conjecture, theorem 4.7 is reduced to

the following theorem which is more convenient to apply.

Theorem 4.10. There is a universal constant L such that for any nonempty (-
bounded and p-spread subset H of 2%, a uniformly random ((Lplog¢)|X|)-element
subset of X belongs to (H) with probability 1 — 0p—0o.

Now we apply this theorem to show some results. We will begin with Hamilton cy-
cles and perfect matchings and then generalise them to hypergraphs. Finally, we will

show a result about bounded-degree spanning trees which is very difficult historically.

Perfect matchings in graphs: Recall the example of perfect matchings. For a

: n!
graph onn Vel"tICGS, suppose 2 | n. There are PYnE
5!

possible perfect matchings. Let

‘H be the subset of 2(%) and each of its elements exactly corresponds to a perfect
matching. The size of each elements in H is § and we say H is §-uniform which
implies that H is $-bounded. We will show that H is %—spread for some large C'.
Recall Stirling’s approximation

n\”" 1 n\"* 1
2mn (—) eznti < n! < +/2mn <—> etn .,
e

e

For VS C X with |S| = s, we have

(RS _ 2122 (n — 2s)!

H| = onl (% —s)12n/2s
V2102 (n/2e) 222 \am(n —25)  ((n.—25)/e)"*
~ V2o (nfe) 27(n/2 — 5) ((n — 2s)/2e)"/2=52n/2=s

Notice that (% log %) (;) < L'nlogn for some large L. Using the theorem 4.10, there
exists a constant L such that a (Lnlogn)-element subset uniformly chosen from ([’2‘])
corresponds to a graph containing a perfect matching with high probability. As we

mentioned above, this result was first proved by Erdds and Rényi in [9].
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Shamir’s problem: This problem asks when the random hypergraph has a per-
fect matching. The model of random hypergraphs is similar to random graphs. A
hypergraph is k-uniform if each edge of the hypergraph consists of k vertices. For
a k-uniform random hypergraph on n vertices (for the sake of convenience, we say
the vertices set [n]), each possible edge in ([Z]) turns up with probability p indepen-
dently. We use H(n,p;k) to denote such a random hypergraph. It is necessary to
suppose k | n to have perfect matchings. Let r = 7 and H be the subset of 2% where
X = ([Z]) and each of its elements corresponds to a perfect matching in the k-uniform

hypergraph. Since each perfect matching corresponds to a partition that divides the

n!
rli(kh)r

r-uniform. To apply theorem 4.10, we show that there is a constant C' large enough
such that H is Cn~*"Y-spread. For ¥S C X with |S| = s, using Stirling’s formula

n vertices into r disjoint k-element parts, there are elements in ‘H and H is

we have
HO(S)|  rl(EY)" (n—sk)!
H| ! (r—s)(k)rs
V2mn/k (n/ek)k(R)VE \/2r(n — sk) (n — sk)/e)n—=*
T V2m (n/e)" 21 (n — sk)/k ((n — sk)/ke)tn=sk)/k ()it

(5

Using theorem 4.10, there exists a constant L such that a uniformly random (Ln logn)-

element subset of X belongs to (H) with high probability. This result was first proved
by Johansson, Kahn, and Vu [17].

Hamilton cycles in graphs: Recall the example of Hamilton cycles in the last

@ possible Hamilton cycles in a random graph. Let X = ([g])

chapter. There are
and H be the subset of 2%, each of whose elements corresponds to a Hamilton cycle

on n vertices. Notice that H is n-uniform. We will show that H is %—spread for some
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large C. For VS C X with |S| = s, using Stirling’s approximation we have

|H N (S) | < 25(n — s)!/2(n — s)
'H| n!/2n
2r(n—s—1)((n—s—1)/e)" 571
2m(n — 1) ((n—=1)/ey**

<2363+1 1 ’
- n—1
()
S —
n

where C' is large enough. Then by the theorem 4.10, we have that a random uniform

< 2%

Lnlog n-element subset of X belongs to (H) with high probability. As we mentioned

above, Pdsa proved this result in [25].

Loose Hamilton cycles: In k-uniform random hypergraph on n vertices. A loose

Hamilton cycle is a collection of r» = ;™5 (suppose (k — 1) | n) edges such that for

some cyclic order of [n], each edge contains consecutive k vertices and each pair of

consecutive edges has exactly one common vertex. In the fig. 4.1, we give an example

Figure 4.1: Loose Hamilton cycle

of 3-uniform loose Hamilton cycle on 6 vertices. Notice that we can divide the vertices
into 3 disjoint parts according to the loose Hamilton cycle. In other words, a loose
k-uniform Hamilton cycle on n vertices can induce a partition of the cyclic ordered
[n] and each part contains k — 1 vertices. There are %((If_ﬁ possible loose Hamilton
cycles. The term % comes from cyclic permutation. The term k£ — 1 comes from how
we divide the cyclic ordered [n] into r parts. Within each hyperedge, the order is
trivial, so we divide ((k — 2)!)". Let X = ([Z]) and H be the subset of 2%, each of
whose elements corresponds to a loose Hamilton cycle on n vertices. Notice that H

is r-bounded and we will show that H is %—spread for some large C'. For VS C X

38



with |S| = s, using Stirling’s approximation we have

|H N (S) | < 2n((k —=2))" (n — ks +s)! (k(k — 1))S

H| — (E—1)n! 2(n—ks+s)(k—2))—
_ (k=27 (k(k=1))* (n = (k = 1)s — 1)‘
kE—1 (n—1)!

(k1) ¢2wn— (k—1)s—1)((n—(k—1)s — 1) /e)r(h=s=1
k— om(n — 1) ((n—1)/e)—1
(k

) e(k 1)s+1 1 (k=1)s
E—1 <n - 1)

C S
< (=

where C' is large enough. Then by the theorem 4.10, we have that a random uniform

IN

IN

Lnlogn-element subset of X belongs to (#) with high probability. This result was
first given by Dudek and Frieze [7].

Bounded degree spanning trees: Let H be the family of edges set of all spanning
trees of the complete graph K, with maximum degree A = O(1). In other words, H is
a (n —1)-uniform subset of 2% where X = ([’;}) and each element of H corresponds to
a A-bounded spanning tree. To use theorem 4.10, we will show that H is ﬁ—spread.
If S C X is not a subset of any element in H, then HN(S) = (). Suppose that S C X

is a subset of some element 7" in H. Let m be a random permutation of [n| and
m(T) = {r(u)7(v) : wv € T}.

It is found that 7(7") induces a A-bounded spanning tree isomorphic to 7" and 7(7") €

‘H trivially. Since isomorphism induces a partition of H, we have

[HN(S)| A )7
T < mj@XP(S Cn(T)) < <n _ 1>

and the second inequality holds since for each edge in S we have at most A choices for
one end after the other end has been determined. Then by theorem 4.10, a uniformly
random (Ln logn)-element subset of X belongs to () with high probability. This
result was first given by Montgomery [22].
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Chapter 5

Proofs

In this chapter, we will first prove that the theorem 4.4 can be implied from the
theorem 4.5. Then we use iteration to prove the theorem 4.5. In the proof, we try to
find a small partial cover of H, i.e. cover part of H through the uniformly chosen set

W; in the i*" step. The iteration will result in two cases
1. We find a cover of ‘H whose expectation cost is small, or

2. there is a uniformly chosen ((Lplog/)|X|)-element subset of X belonging to
(H).

If H is not p-small, the case 1 can never occur. Then the proof of the theorem 4.5 is
completed. We will first state how to find the cover in each step and show the cover
is expected small. After that, we will show how the iteration leads to the exactly two

final cases and complete the proof we want. The proofs reference [24].

5.1 Proof of reduction

Proof. (theorem 4.4 can be implied from the theorem 4.5) Let H be the set of minimal
elements of the property F, i.e. (H) = F. Recall theorem 4.5, let £ = C¢(F) and
m = (Lplog¢)| X|, where p > ¢(F) and C is large enough to make

P(Xm € (H)) =

o

Let p’ = 2Lplog ¢, we have

P(Xy € F) = P(Xpy € (H)) =2 P(Xin € (H))P(|Xy| = m).
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To show P(X,, € F) > 1, we just need to show that P(|X,/| > m) > 2. Notice that
E[|Xy|] = /| X| = 2m, we have

P(|Xy| = m) = P(||Xpy| = 2m)| < m)

>1_ Var(|)2<p'|)
m

2m(1 —p')

=1-——
m

by Chebyshev’s inequality. Consider that the subset of 2% consisting of all single-
element sets is a trivial cover of (H). We have p|X| > % since H is not p-small.
It follows that 2m = p/|X| > Llog? and P(|X,/| > m) > 2 when L large enough.

Therefore, we have
3
P(Xy € F) > [R(Xy| > m) >

N | —

which implies that
p' = 2Lplogl > p.(F).

Recall that p can be any value greater than ¢(F), we have completed our proof. [J

5.2 Proof of the theorem 4.5

Proof. Our proof is divided into three parts and we prove the result by iteration.
In the first part, we will show how to construct a small partial cover of H in each
iteration step. In the second part, we will analyze the iteration and state the final
cases when the iteration ends. Finally, we show that one of the final cases occurs
with high probability which is exactly the result we want to prove. Let |X| = n in
our proof.

Part 1. In the i step, let w; = L;pn where L; is a large constant and W; be the
random subset uniformly chosen from (Xu‘)‘l) where X; = X; 1\W; and Xy = X. Let
Ho = H and H,; is a 0.9*/-bounded subset of 2% for i > 1.

Given S;_1 € H;_1, we define the minimum fragment T(S;_1, W) as the set with
the smallest size that can be written as the form of S/_,\W; where S/_, C S;_1 UW;
and S,_; € H;_1. Let t(S;_1, W;) = |T(S;_1, W;)|. Let G(W;) be the set of elements
in H;_; such that T'(S;_1, W;) is relatively large as follow,

g(m> = {Si—l € Hiq: t(SZ'_l, Wz) > 0916}
Since T'(S;_1, W;) C S;_1, we have a cover U(W;) of G(W;) as follows,
Z/[(VVZ) = {T(Si_l, Wz) . Si—l € Q(WZ)}
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In terms of H;_1\G(W;), it is not always covered by U(W;). Let
Hi = {T(Si-1,Wi) : Sic1 € Himi\G(W3)},

and we have that H,; is a 0.9%-bounded subset of 2Xi-1\Wi — 92Xi  Notice that
T(S;_1,W;) C S;_1, it follows that a cover of H; is also a cover of H; 1\G(W};).

Part 2. Notice that in each iteration step, the size bound of elements in H;
strictly decreases. Thus there is a k such that 0.9 < 0.9%/ < 1, which implies that
‘H,. is either an empty set or only contains the empty set. So, our iteration can end

within £ steps. Now let’s analyze the two different cases when the iteration ends.

1. If Hy = 0, then UfZILI(VVZ») is a cover of H. We show this fact by induction.

Since H;, = (), we have
Hi1=He UG(Wi) = G(Wh).

It follows that U(W}) is a cover of Hy_;.

Suppose that Uf: ;U(W;) is a cover of H;_; which implies that it is also a cover
of H;_2\G(W;_y). Since U(W;_4) is a cover of G(W;_), we have Uf:jZ/l(I/Vi) U
U(W,_) is a cover of H,_,, that is, [J_ ., U(W;) is a cover of H;_s.

i=j—1
Finally, we have Ule UW;) is a cover of Hy = H.

2. If Hy, = {0}, then ||, W; € (H). We also prove this fact by induction. Since
H;. = {0}, we have that

0=T(Sy_1,Wi)=35,_;\Wy forsome S, ;€ H1.

It follows that S;_; € Wj. In other words, we have Wy, € (S;_,) C (Hy_1).

Suppose that |_|f:j W; € (H;j_1) which implies that there is an S;_; € H,;_; such
that S;_; C |_|f:j W;. Since

Sjo1=T(Sj_9,Wj_1) = S; ,\W,_1 forsome S} , € M;_o,

J

we have Sj_, C S;_y UW;_1. It follows that S, C | [ W; U W;_1. In other
words, | |\, W; € (Si_y) C (Hj—2).

i=j—1

Finally, we have | [\, W; € (Ho) = (H).

Part 3. We first show that each partial cover U (W;) is expected small enough.
Let £; = 0.9/,
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Lemma 5.1. E [ZUeu(Wi)qu < L;O‘Sgi—l,

Proof. Recall the definition of U(W;), we have that ¢; < |[U| < ¢;_; and U =
T(S;_1,W;) for some S; 1 € H; 1. Expand the expectation, and we have

E Zp - Z)(p(,l Zp

Uel(W;) Wie(ij— w; Ueu (W)
1
1

Yo (0" x N

<|X12i1‘) Li<h<t;_1
where Nh = #{(Wz, T(Sz;l, M)) : Wz € (X;EI),T(SZ',M VVZ) = h, 51;1 c Hz;l}. Then

we estimate N, as follows.

1. Specify Z = W; UT(S;_1, W;). The number of possible Z is at most
[Xial\ _ (Xl (Xica] —wi) - ([ Xica| —wi —h 4+ 1)
()
Wi
G
-

2. Specify T'(S;—1,W;). For any S!, Z and S!', € H;—1, we claim that
T(S;—1,W;) C S . This key observation is from minimum fragment. Since Z is
the disjoint union of W; and T'(S;_1, W;), we have S!" \W,; C T(S;_1, W;). Sup-
pose that S \W; C T(S;_1,W,), it is easy to check that S/ ,\W,; with smaller

size than T'(S;_1, W;) which is contradictory to the definition of T'(S;_1, W;).
Thus, we can pick a H;—y > S/ | C Z arbitrarily and 7'(S;_1, W;) is always

contained in it which implies that we have at most 2%-1 possible T(S;—1, W;).

3. After specify Z and T'(S;_1, W;), we have W, = Z\T(S;_1, W;).

h
N, < ('X“|) (i) 9ti-1
Wy Lip

Therefore, we have

and
1\"
E < — ) 24—
> ol ¥ ((1))
Ueu(w;) £;<h<t;1
< [ 08t
The last inequality holds since L; is large. O]
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In Part 2., we have shown that there are exactly two final cases which imply that

P (UU(VVZ) is a cover of 7—[) +P <|_| W, € (7—[}) >1

i=1

and equivalently

IP’(I_'VVZ € <7—[)> > l—IP)(ULI(VVi) is a cover of H) : (5.1)

By the assumption that “H is not p-small’, we have

k
P (U U(W;) is a cover of H) <P Z Pl > % : (5.2)
i=1

Uelr_, U(W;)
Now we estimate the expectation of ZUeu’.tlu(Wi)plU‘ by lemma 5.1. Let
"l OViogl if k—y/logy, (0.9/0) <i <k
where C'is a large constant and let log 4 (0.9/¢) = clog ¢ where ¢ > 0. We have

E Z plVl SiE Z plVl

UelUr_, uwy;) i=1 UeU(W;)
k
< ZLi—o.sei_l
=1
= Z O—080.971 | Z (C\/@

i<k—+/clog/t i>k—+/clogl

)—0.8-0.9“4

Recall that 0.9 < 0.9%¢ < 1, we have

1 0.9
clogl —1=logye- < k <logyy— = clog/
0.9€ 0.9 E

exp (c’VlogE) <097 ifi<k—+/clogl
1<09% and 1<0.8-0.9"%

where ¢ > 0 is a constant. It follows that

—0.8-0.9k—4¢

+3 (C\/@) o

E { Z pU] < (clog?) C—08exp(c'Viogl) 4 Vclog? (C\/logé)
UeUiZ; UWi)

= O((log0)™%)

== Oﬁ—mo(]-)
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where ¢ > 0 is a constant and /clog/ > 3 when / is large. Use Markov’s inequality

in (5.2), we have

k

1

P (U U(W;) is a cover of H) <P Z vl > 3
i=1

vell_, U(w;)

< 2FE Z plU\

veli, U(Wi)
= Oé—>oo(1)
which implies that

k

k
P <|_| W; € (’H>> >1-P (UL{(VVZ) is a cover of H) > 1 — 0p400(1).

=1

by (5.1). Notice that | |5, W; is a (Zle Lz-pn)—element uniform subset of X where
Zle Lipn = (Lplog{) | X| for some L, we complete our proof. O

45



Chapter 6

Discussion

Park and Pham’s proof of the Kahn-Kalai conjecture is a remarkable breakthrough
in random combinatorics, attracting widespread attention. Recall that we choose the
p(3) to be the threshold and p(e) for € € (0,1) is defined as follows

P(G(n,p(e)) has F) =e.

For fixed €, Park and Pham’s work also can provide an upper bound. But their bound
dependent on € is not good enough. Bell [2] proposed this problem and showed a better
e-dependent upper bound.

Theorem 6.1. Let H be an (-bounded subset of 2% that is not g-small and let € €
(0,1). Let p=48qlog%. Then P(X, € (H)) >1—e.

The arguments in [2] also give a slightly better bound for the threshold as follows
Pe(F) <1 — (1 — Kq(F))le2t),
Przybylowski and Riordan [26] slightly improved this bound by a technique clone
Pe(F) < 1 — e KalPlogz (F)

Other endeavours tend to give bounds on the multiplicative constant K. The best
known work due to Vu and Tran [30] is K =~ 3.998. They proposed a simplification
of Park and Pham’s proof by technically strengthening the theorem 4.5 and applying
induction. This reduces the proof to only one page and also applies to e-dependent
problem.

Kahn-Kalai conjecture (now Park-Pham theorem) is extremely powerful, implying
very difficult results historically such as Shamir’s problem and bounded degree span-
ning tree as we mentioned before. We end this dissertation with two open conjectures

as Park mentioned in [23].
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The first conjecture is the graph version of the Kahn-Kalai conjecture. Recall
the definition of abstract expectation threshold and expectation threshold in graphs
(definition 4.3 and definition 4.2). We claim that

pe(H) < q(Fu)

where Fp is the property that the random graph G(n,p) contains H as a subgraph.
This claim is easy to check since (H') is a cover of Fy for VH' C H. Though the
abstract Kahn-Kalai conjecture has been proved, the graph version is open. This

conjecture was also proposed by Kahn and Kalai in [19].

Conjecture 6.2. Let Fy be the property that the random graph G(n,p) contains H

as a subgraph. There is a universal constant K such that
pe(Fu) < Kpp(H)logn.

The second conjecture tries to solve the problem that it is not easy to compute
q(F). Recall that the fractional expectation threshold g;(F) has a close relationship
with spread (refer to proposition 4.9 and [29]). Through finding an a-spread a bound
probability measure on F, we can get an upper bound of ¢;(F). Many applications
use this idea to apply the fractional Kahn-Kalai conjecture. Talagrand proposes the
following conjecture which implies the equivalence between the fractional Kahn-Kalai

conjecture and the Kahn-Kalai conjecture.

Conjecture 6.3. Let F be an increasing property in finite set X. There exists a
constant K such that
q¢(F) < Kq(F).
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